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The plane problem of the reflection and refraction of plane longitudinal waves at the interface of a liquid and a solid anisotropic
half-space with elasticity constants which satisfy the condition N = (a —d)b — ¢* < 0, is investigated. The expression of the solutions
of the problem in terms of the inverse apparent velocities of the waves and the unique determination on a Riemann surface
enables a detailed analytical investigation to be made of the kinematic behaviour of the wave processes in question for different
ratios of the elasticity constants of the contacting media. It is established that for certain angles of incidence the longitudinal
waves excite two refracted quasi-transverse waves with different normal velocities and angles of refraction. This feature is directly
related to the existence of acute-angled edges on the fronts of the quasi-transverse waves from a point source when N < 0.
© 1997 Elsevier Science Ltd. All rights reserved.

In [1, 2], using Smirnov’s and Sobolev’s method, applied for the first time to Sveklo anisotropic media
[3], we investigated the plane problem of the reflection and refraction of plane longitudinal waves at
the interface of a liquid and a solid anisotropic half-space with four elasticity constants satisfying the
condition N > 0. In this paper we extend the investigation of this problem to anomalous media satisfying
the condition N < 0. In these media, the wave processes considered behave in a more complex way
and require a special approach.

1. PLANE WAVES IN ANISOTROPIC MEDIA
Plane waves in an anisotropic medium with four elasticity constants can be expressed by the functions

(2]
w =u(Qp), vy =v(QF), Qf =t+0xtA,y (11
where
A, = {H+(=1)*[H? — (a/b)(a—8*(1/ d — 8% )[4} (1.2)
= [(b + d) — (ab + d2 - c®)8%)/(2bd)
The functions are subject to the conditions
—u(Q W(cOM) =v (Q; VP, = w(S)
P = a0 +di} -1 (1.3)
The function w is an arbitrary continuous doubly differential function if the coefficients of w for
variable quantities are real. If some of these coefficients in some region of space x, y, ¢ are complex
quantities, w is taken to be an analytic function in this region.

The normal velocities b, and angles oy, formed by the normals to the wave fronts and the y axis, are
given by the expressions
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b, =@ +22), tga, =0/, (k=1,2) (1.4)

The functions A; and A,, represented by expressions (1.2), are branches of the algebraic function A,
uniquely defined on a Riemann surface, the form of which depends on the ratios of the elasticity
constants.

The branching points for the inner radicals of (1.2) are the points [4]

0 = £[(M + (4bdc’[c? ~ (a- d)(b - AWK, K, )V (1.5)
Ki=ab-(c-d? K,=ab-(c+dy
M=(b+dla-db-d)-c?-(a-db-dyd

which may be complex, imaginary or real depending on the ratios of the elasticity constants.

When N > 0 the branching points for the outer radicals of (1.2) are the points 8; = +a™Z when
k =1 and the points 8, = = d'“ when k = 2. In this case the Riemann surface consists of the planes
0, and 8,, respectively, with cuts (-a™2, +a™"?) and (-4, +d"2). The planes are joined in a criss-
cross manner along the corresponding cuts, connecting the branching points (1.5). If the branching points
consist of two imaginary and two real points, the form of the Riemann surface is as derived previously
(5], Fig. 1).

[ C])n the edges of the cuts (a2, +a™?) and (-d"'2, +d"'?) of the planes 8, and 8, the functions
A; and A, have real values, and the functions (1.1) express real plane waves: quasi-longitudinal for
k = 1 and quasi-transverse for k = 2, propagating in any directions. Along the parts (£a71?, +co)
and (*d~ 12 +e0) of the real axes of the planes 6; and 0, the functions A, and A, take complex values,
and the functions (1.1) express complex quasi-longitudinal and quasi-transverse waves.

Consequently, when N > 0, the quasi-longitudinal and quasi-transverse plane waves are expressed
by the functions (1.1) for Xk = 1 and k = 2, defined on the real axes of the 0, and 6, planes. Hence,
when solving the problem in question there was no need to use the Riemann surface [1, 2].

The situation is more complex when N < 0. The outer radical of the function A, has four branching
points: 8; = *a2, 8, = £d2; the outer radical of the function A, has no branching points. Of the
branching points (1.5) two are real and two are imaginary, where the condition 6%, > 42 is
satisfied for the real points. The function A, is single-valued in the 6, plane with cuts (-a 2, +a72),
(£d ™2, £69) and (269, =) along the real axis and (£8Y, +ix) along the imaginary axis. The function
A, is single-valued in the 8, plane with cuts (-89, +69) and (£69, +) along the real axis and (69,
*ic0) along the imaginary axis. The Riemann surface consists of the 8; and 6, planes joined in a criss-
cross manner along the edges of the cuts (69, *e0) and (£0Y, +ico) (Fig. 1).

On the edges of the cuts (a2, +a72) and (xd 2, £69) of the 8, plane and (—8%, +6%) of the 6,
plane, the functions A, and A, take real values, and the functions (1.1) express real waves. On the parts
(a2, £d™1) of the 0, plane the function A, has imaginary values and on the parts (£67, +) of the
edges of the cuts of the 8, and 0, planes the functions A; and A, have complex values; the functions
(1.1) express complex waves.

We will fix the functions A, and A; in the 8, and 8, planes so that they are positive when 6 = i, where
B is a fairly small positive quantity. Since the x and y axes coincide with the axes of elastic symmetry of
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the medium, it is sufficient to investigate the wave propagation for positive real values of 6.
On the sections

0<8,sa™”, 0<8,<6° (1.6)

of the upper edges of the cuts of the 8, and 6, planes, the functions A, and A, are positive, and the
right-hand sides of the second formulae of (1.4) increase monotonically from zero to the values

tg O = oo, tg oy = 6?/A.2 (9?) (1.7)
The functions (1.1) express real quasi-longitudinal and quasi-transverse waves propagating with
continuously increasing angles o, and o in the intervals
0<a, <TV2, 0<a, <al (o <I2) (1.8)
The normal velocities (1.4) of the waves on the sections (1.6) are continuous functions, having the
following values on the boundaries of the sections
b(0)=b%, b(a ) =a%, by(0)=dh, by(80)<d” (19)
The nature of the change in the velocities depends on the values of the quantities [4, 6]
Ny=a-d-c, Ny=b~-d—c, Ny=(a-dXb-d)-c? (1.10)

Since N; < 0 when N < 0, the velocity of the quasi-longitudinal wave on the first part (1.6) decreases
continuously and b > a when N, > 0. If N, < 0, the velocity of the quasi-longitudinal wave inside this
section has a maximum. The velocity of the quasi-transverse wave inside the second section of (1.6)
has a minimum, since N3 > O when N < 0.

The extremal points and the velocities and directions of propagation of the waves with these velocities
have the values

0] =[(b—nWab-n®)Y%, 8] =[(b+m)(ab—m?))*
b (B y=[(ab—n*W(a+b-2m)}%, b,(83)=[(ab-m*W(a+b+2m)" (1.11)
goy =[(b-nWa-m)%, go; =[(b+m¥(a+m}*
m=c~-dn=c+d
When the branching point 8 passes round from the upper edge of the cut (69, +89) of the 6, plane
of the Riemann surface to the lower edge of the cut (+d'?, +6 %) of the 6, plane, the inner radical
of the function A, changes its sign from plus to minus, and the functlon A, takes the value A;. The solutions
(1.1)~(1.4), which express a quasi-transverse wave when k = 2, chan%ﬂ € to the solutions when k = 1,
which are real plane waves defined on the lower edge of the cut (+d 2, +6%) of the 6, plane. These

solutions have the same values at the branching point 89.
On the section

4% <o, <6’ (1.12)

of the lower edge of the cut of the 6, plane, the right-hand sides of (1.4) for k = 1 decrease monotonically
for values on the boundaries

tgay =, tgoy, =080/%,(8)=00/A,(6)
bidB)y=d%, b(8))=by(8])

Consequently, the functions (1.1)—(1.4) for k = 1 on the section (1.12) of the lower edge of the cut of
the 0, plane express real quasi-transverse waves propagating in the directions

nr2za, 2a,07)=0,06%) (1.13)
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with normal velocities
d” 2 b, 2 b,(8?) = b,(8?) (1.14)
Graphs of the change in the normal velocities of the quasi-longitudinal and quasi-transverse waves
as a function of the propagation direction are shown in Figs 2 and 3 by the continuous curves, while
the dashed curves show the possible characteristic values of the normal velocities of the longitudinal
waves in a liquid.
On the upper edge of the cut (+d 2, +69) of the 6; plane of the Riemann surface the function A,
takes negative real values, and the functions (1.1) for k = 1 take the form
w =u(Q)), v, =v()) (1.15)
u(Q7 Y(cOA,) =v (QF ¥p; = w(S3)
where A, has the value (1.2), and represents quasi-transverse waves. The quasi-transverse waves (1.1)
for k = 1, defined on the lower edge of the cut (+d 2, +8%) of the 6, plane and (1.15) are symmetrical
with respect to x.
The direction of propagation of elastic vibrations is related to the motion of the energy in the deformed
medium and is defined by the energy flux vector, which coincides with the radial (group) velocity vector

[7]. Repeating the discussion given previously [8], we can express the projection of the energy flux vectors
on to the coordinate axes for the case in question

Ju| du dv | ov Ju dv
S, =—plZl a2 L ey 2 |42V | 4 24 OV )
¢ p{ P [a . +(c—d) 3 ]+ 5 [d( > + > )]} (1.16)

ou| (ou ov ov Ju  ov
S =—pd—| d| —+— —— —d)— il
) "{az[ (af ax)]+ or [(C Dauth ay]}

Taking conditions (1.3) into account, we can express the quasi-longitudinal and quasi-transverse waves
(1.1), defined in the sections (0, +a %) and (0, +6°)) of the upper edges of the cuts of the 6; and 6,
planes, by the functions

U, =—cOMw(Ly), v, = pw(€d) 1.17)
Substituting (1.17) into (1.16) we obtain
Sy = —POp N W (QDP, Sy ==phepeM, W (Q))Y (1.18)

N, =2ade” +(ab+d* -c*)); —(a+d)

¥/

a7?
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M, =(ab+d* —c*)0* +2bd\2 — (b+d)

Since on the section (0, a2) A, > 0, p; < 0, M; < 0, while on the section (0, 6%) A, > 0, p, < 0,
M, < 0 the projections of the energy flux vectors onto the ordinate axis satisfy the conditions

Sy ==phe e M [w Q) <0 (1.19)

for k = 1 and k = 2 on the sections (0, %) and (0, 8%).
We can similarly determine the oomponents of the energy flux vector of the quasi-transverse waves
(1.15), defined in the section (42, 89) of the upper edge of the cut of the 6; plane

= ~pp, N, [w'(Q7 )P, Sy = ph oM, [w'(Q7 P (1.20)

where N; and M, are the values of (1.18) for k = 1. Since on the section (@7, 8%) 4, > 0,p; > 0,
M, < 0, the projection of the energy flux vector of the waves (1.15) onto the ordinate axis satisfies the
condition

Sy =M oM W(QD)F <0 (1.21)

It follows from conditions (1.19) and (1.21) that the projections of the energy flux vectors and the
radial velocities of the waves (1.1) and (1.15) onto the sections considered where they are determined,
have negative values.

Henceforth, when solving the problem, the refracted quasi-longitudinal and quasi-periodic waves will
be expressed using the functions (1.1) and (1.15), which ensure that the energy flows from the interface
of the media y = 0 into the anisotropic mediumy < 0.

2. REFLECTION AND REFRACTION OF LONGITUDINAL WAVES
A plane longitudinal wave [2]
up = u(Q), vo =v (Q§); Ay = (Vay —0? % 2.1)

is incident from the liquid y > 0 onto an interface y = 0 with an anisotropic half-space.
The normal velocity and angles of incidence of the wave are given by the expressions

by = adt = (Holpo Y, tgetg = 0k 22)

In the interval
0<0<a;” (23)

the functions (2.1) represent a real wave with angles of incidence
0< 0 <T1/2 (24)

The qualitative picture of the reflection and refraction process depends on the ratios of the elasticity
constants of the contacting media and the nature of the change in the normal velocities as a function
of the direction of motion of the waves in the anisotropic medium, causing a variety of different
combinations in the distribution of the velocities and directions of motion of the secondary waves and
in the excitation of complex waves, depending on the angles of incidence of the primary waves. An
investigation of these problems is of some theoretical and practical interest and reduces to considering
three fundamental cases.

Case 1. The following condition is satisfied
a,>a>d, ie. a;<af<d (2.5)

Since in the case of (2.5) the right boundaries of the sections (1.6) on the upper edges of the cuts of
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the 6, and 6, planes of the Riemann surface (Fig. 1) satisfy the condition a5 < a™? < 0%, in the sec-
tion (2.3) the refracted quasi-longitudinal and quasi-transverse waves will be represented by the functions
(1.1) with k = 1 and k = 2, respectively.

The reflected longitudinal and refracted quasi-longitudinal and quasi-transverse waves represent real
waves and have the following expressions [2]

ugy = (/RWU(Ly), Voo = —(n/RW (Qy)
ugy = —(Men/ R, v oy = (Pl R)Y (QF) (2.6)
ugy = —(Ayer/R)u(Q3), Vga = (par/(AgR)Y (Q;)

where

i = c(ab) (M, = Ay)N(plpo l(ab)2E, +

+(c— d)2 92§d + abégéd ]}"O - (ab)% (A'I + ;"2 )éa }E.m
ry =2[at? +(c—d)A3), r, ==2[aE2 +(c-d)\?] @7

R=c(albYA (M, = A)l(Plpo)(@bYEE, + (c — Y202, + abE2E, ho + (ab)h(hy + 1y )E, JE,
= (Va—(-)z)yl, E = (|/d_92)%

(p, =aB* +d\, -1, k=1,2)

The normal velocities of the reflected and refracted waves and the angles of reflection and refraction
are given by (2.2) and (1.4) and satisfy the sine law

sin Olg/bg = sin 0g/bgg = sin Ogy/bgy = sin Cg/bgy = 0 (2.8)

The functions (2.6) represent real waves for angles of incidence (2.4) of the longitudinal wave (2.1),
defined in the interval (2.3). When the angle of incidence of the longitudinal wave increases the angles
of reflection and refraction of waves (2.6) increase continuously, irrespective of how the normal velocities
vary as a function of the direction of motion, since in sections (2.3) and (1.6) the right-hand sides of
the second expressions of (2.2) and (1.7) increase continuously.

We will consider the distribution of the velocities and directions of motion of the primary and
secondary waves as a function of the angle of incidence of the longitudinal wave when condition (2.5)
is satisfied.

If ai?> > max by, it follows from Figs 2 and 3 and the sine law that for any angles of incidence of the
longitudinal wave corresponding to the interval (2.3), the velocities and directions of motion satisfy the
conditions

bo = boo > bo1 > bo2, g = Qigp > Olgy > Otz (29)

If the velocity of the quasi-longitudinal wave has extremal values on the boundaries of the first section
(1.6) (Fig. 2), then for N < 0 we have b > a. In this case, when the following condition is satisfied

maxb, =b% > aft > a* (2.10)
at a certain point 8y in the section (0, a2, the velocity of the quasi-longitudinal wave will be equal
to the velocity of the longitudinal wave.

If the point 6, belongs to the section (0, ag?), then for angles of incidence of the longitudinal wave
defined in the section (0, 6y,), the following conditions are satisfied

bo1 > bg=boo > bg,  Olg; > 0g = Qo > (2.11)
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and in the section (8, ag'?) conditions (2.9) are satisfied. When 6;; > ag"?, condition (2.11) is satisfied
in the section (0, a5").

If the velocity b, inside the first section of (1.6) has the greatest value (1.11), and the least value on
the left boundary of the section (Fig. 3), then when (2.5) holds we may have the condition

max b, = b,(8})> af’ > a’ > minb, = b% (2.12)
In the section (0, 6%) the velocity b, increases continuously, while in the section (8%, ag'?) it decreases
continuously. At the points ;; and 8y,, which belong to the sections (0, 8) and (8%, ?), the velocity
b1(8) = a{?, and the right boundary of Section (2.3) is situated on the section (012,877)
Consequently, for angles of incidence of the longitudinal wave given in (2.3), in the section (0,
61) conditions (2.9) are satisfied, in the section (6;;, 8,,) conditions (2.11) are satisfied and in the
section (843, ag ') conditions (2.9) are satisfied. If (0,5, aam), then in the section (0, 6,;) conditions
(2.9) are satisfied, while in the section (8,3, @) conditions (2.11) are satisfied.
If the way in which the normal velocities vary differs from that shown in the graph in Fig. 3, only in
the sense that b2 > a'?, then when (2.5) holds the following conditions may be satisfied

max b, = b (8])> agé > b% > min b = a’t (2.13)
max b, =b,(8})> b% > af’ > minb, =a” (2.14)

In this case, when (2.13) is satisfied, conditions (2.9) are satisfied in the sections (0, 6,;) and (8y,,
ag™?), and conditions (2.11) are satisfied in the section (8,3, 8,5). If (812, a5'"%), conditions (2.9) are
satisfied in the section (0, 8y;) and conditions (2.11) are satisfied in the section (81, ay™").

When condition (2.14) b,(8) = ag? is satisfied at the point 8y, in the section (6}, a2), the right
boundary of the interval (2.3) belongs to the section (85, 2 2). Conditions (2.11) correspond to angles
of incidence of the longitudinal wave in the interval (2.3) in the section (0, 8,,), and conditions (2.9)
in the section (8,1, 25"*). When (8, > ap'?), conditions (2.11) are satisfied in the section (2.3).

Case 2. When
a>ag>d, ie. at<a;t<d™ (2.15)

the right boundaries of sections (1.6) on the upper edges of the cuts of the 8, and 6, planes of the
Riemann surface (Fig. 1) satisfy the condition

a < ag% <0

In the range (2.3), in which the incident longitudinal wave (2.1) is defined, the quasi-longitudinal and
quasi-transverse waves are expressed by the functions (1.1) with k = 1 and k = 2, respectively.

The functions A, and A, have real values in the section (0, a?) of the range (2.3). The solution of
the problem is given by the functions (2.1) and (2.6), which represent real waves.

If b > a (Figs 2 and 3), the velocities and directions of motion of waves (2.1) and (2.6) satisfy conditions
(2.11) in the section (0, 7).

When b < a (Fig. 3) the following condition may be satisfied

max b, = b,(8))>a”* > a? > minb, = b

The point 6, in which b,(0) = a)? belongs to the section (0, a‘m). In the section (0, 8,;) conditions
(2.9) hold for the velocities and directions of motion of the waves, while conditions (2.11) hold in
the section (8;;, a™?).

When

minb, > agé > d%
(Figs 2 and 3) conditions (2.11) hold in the section (0, a”'/2).

The function A, takes imaginary values in the section (¢ 2, ap"?) of the range (2.3). The solution
of the problem can be expressed by functions of a complex variable [2]
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up = Reluy (Q)], vo =Rely ()]
oo = Re[(r 1 Ry ()], oo =Rel~(r / R, (Q5))
Ugy = Re[(i)\‘:crz‘ /R* )u] (Q: )], Vo = Rc[(p,r; /(XOR.))U|(Q; )] (2.16)

ugy = Re[—(Ayer / Ry (23)], vy =Rel(pyry 1 (AgR™ v (Q23)]
Q) =t+0x—iA}y
The quantities 7} and R* are given by (2.7) when

&, ==i®® ~1/ay?, A =-ik}
Xy =(-H+[H? (11 a-02)(1/d -6 )a/ b)}}% (2.17)

The functions u; and v, are regular functions in the upper half-plane of the complex variable. The
refracted quasi-longitudinal wave is a complex wave with an imaginary phase velocity in the direction
of the y axis, while the remaining waves are real.

The following condxtlons are satlsﬁed for the velocities and directions of motion of the real waves,
defined in the section (a7, ay'?)

bo = boo > b2, Qg = Olgg > Olg2 (2.18)
Case 3. Suppose the following condition is satisfied
a>d>ay, ie. ati<dV<ah (2.19)

In sections (1.6) of the upper edges of the cuts of the 6; and 6, planes of the Riemann surface (Fig.
1), the functions (1.1) represent quasi-longitudinal and quasi-transverse waves whenk = 1 and k = 2,
respectively, propagating in directions (1.8). In section (1.12) of the upper edge of the cut of the 6,
plane, the function (1.1) takes the values (1.15) when k = 1 and represents quasi-transverse waves
propagating in the directions (1.13).

Consequently, the incident longitudinal wave (2.1), defined in the section (4, 12 89), excites two
refracted quas1-transverse waves.

In the section (0, a™%) of the range (0, a5?) the solution of the problem is expressed by the real
functions (2.1) and (2. 6) The refracted waves are quasi-longitudinal and quasi-transverse waves.

In the section (a2, /%) of the range (0, a5"?) the solution of the problem is expressed by functions
of the complex varlable (2.16). The refracted quasi-longitudinal wave is a complex wave and the
remaining ones are real.

On changing to the section (@2, 8%) of the upper edges of the cuts of the 8; and 6, planes of the
‘Riemann surface, the functions (2. 16) take real values. The functions wy; and vy; become real and
represent a quasi-transverse refracted wave.

In the sections (d~ 12 4512y when ag!”2 < 89 the solution of the problem is expressed by real functions

uy =u(Q}), vy =v(Qg)
gy = (1" 1 R Hu(Qy), Voo =—(r /R W (Q)) (2.20)
ug = (e A I RW(SY), vo =(pirs I (MR ()
ugy =—(crihy I RU(Q3), vgy =(pars 1 (AgR") (Q3)
The quantities ¥ and R* are given by (2.7) with A; replaced by — A; and

£, =—i@ -1/a)%, &, =-i(8"-1/d)"

and have real values.
In this case the functions ug, and vy, (kK = 1, 2) represent real refracted quasi-transverse waves having



Reflection and refraction of plane longitudinal waves 211

different normal velocities and angles of refraction. The normal velocities and entry and exit angles of
the waves are given by (2.2) and (2.3), and the sine law (2.8) is satisfied. By (1.19) and (1.21) the radiation
principle is satisfied and the refracted waves transfer energy from the interface y = 0 into the anisotropic
medium y < 0.

When g5 < 69 in the section (03, a5'?) the angles of incidence of the longitudinal wave (2.1) exceed
the critical angle with respect to the refracted quasi-transverse waves and the functions A, and A, take
complex values. The solution of the problem is expressed by functions of the complex variable

ug =Relu) (Q25)], vo=Relv,(Q))]

ugo = Re[(7 / Ry (3)], oo =Re[~(7 / R, (Qp)]

ugy = Rel(hycy 1 Ry (Q7)], vy = Re[(pyfi / (MR ()] (2.21)
U, = Re[~(AycFy / Ry (Q3)], vy = Rel(Bofy / (AoR)W ()]

flf = t.+6x:t5~,‘y

The quantities 7, 7; and R are given by (2.7) with
A, = (-1)FA,
Xy = {H - (-1)%i[(8% ~1/a)®? -1/ d)(a/ b) - H* 44
E,=-i(82-1/a)%, E,=-i(®*-1/d)y*

The quasi-transverse refracted waves ug, v (kK = 1, 2) are complex waves with complex phase velocities
in the direction of the y axis.

We will investigate the dlstnbutlon of the velocities and directions of motion of the primary and
secondary waves in the section (0, ag 12y when condition (2. 19) is satisfied.

In the graph showing the change in the normal velocities b, and b, as a function of the directions of
propagation of the quam-transverse waves (Fig. 2), the values of these velocities, defined at the
boundaries of the sections (42, %) in the 6, and 6, planes of the Riemann surface (Fig. 1), are denoted
by the small circles as follows (1) is the velocity by(d 1), (2) is the velocity b,(8%) = by(0%), and
(3) is the velocity by(d™ ) d

Graphs of the change in these velocities as a function of @ in the sections (d'2, %) are shown in
Fig. 4. In this section the velocuy b, increases continuously, the velocity b, decreases continuously and
they are equal when 6 = 6%.

It follows from Figs 2—4 that when

b d %) =d% > alf > b,8])=b,(6))

7 4,
! [
! 2
|
7 |
Y |
| 2 } {
.
|
| | 2 | g* |
| A A
| t | ,
| | | |
L ] .| |
P



212 1. O. Osipov

the velocities of the refracted quasi-transverse waves are equal to the velocities of the longitudinal wave
at the pomts 0,; and (-)12, defined by the conditions b,(6) = =a}?and by(8y2) = ai”?, where the conditions
< 05 or ag? > 0 may be satisfied.
In this case, for angles of incidence of the longitudinal wave defined in the range (0, ag'?) for velocities
and directions of motion of the primary and secondary waves the following conditions are satisfied: in
the section (0, 6,,), the conditions

bo] > boz > bO = boo, Qg1 > Ay > Oy = Olpg (2.22)

in the section (8,,, a ), conditions (2.11), in which by, are the velocities of the refracted quasi-
longitudinal waves, in the section (a2, d"2), conditions (2.18), in the section (d""2, 8y,), conditions
(2.11), and in the sections (8,5, a5"%) when ag"? < 6° and (8y,, 8%) when ay 2 > 89, conditions (2.9), in
whéslﬁ b, are the velocities of the refracted quasi-transverse waves.

en

by(8]) = by(8]) > aff > by(d )

the velocities of the refracted quasi-transverse waves are ecllnual to the velocities of the longltudmal wave
at the points 6,; and 6y, defined by the equation by(6) = g, where the condition a¢ 125 0%is satlsﬁed
For velocities and directions of motion of the primary and secondary waves in the range (0, ap 12) the
following conditions are satisfied: in the section (0, 8,;), conditions (2.22), in the section (0, a 1"2),
condltlons (2.11), where by; are the velocities of the refracted quasi-longitudinal waves, in the section

a2, &1, conditions (2.18), in the section (42, 8), conditions (2.11), and in the section (8, 6 s
COIldlthﬂS (2.22), where bq, are the velocity of the refracted quasi-transverse waves.

When

by(d™ ) > aff > by(83) = minb, (2.23)

the points 8,; and 6, belong to the sections (0, 8%) and (0%, d2). If 8 < a2, conditions (2.22) are satis-
fied in the sections (0 331) and (85, a?), and conditions (2.11) are satisfied in the section (6,1, 6x).
In the section (a2, &%) we have the conditions

boy > bg=bgg, Oy > 0ty = Olgp (2.24)

When (6, > a -112) condltlons (2.22) are satisfied in the section (0, 8), while conditions (2.11) are
satisfied in the section (6,1, a'%). Here everywhere by, is the velocity of the refracted quasi-longitudinal
wave.

In the range (a”'?, ') conditions (2.18) are satisfied for real waves in the section (@2, 0,) and
conditions (2.24) are ' satisfied in the section (053, d™

When (2.23) is satisfied, conditions (2.22) are satisfied in the section (@12, 0%) where by, is the velocity
of the refracted quasi-transverse wave.

When

minb, = b,(03)> agé

oondltlons (2.22) are satisfied in the sections (0, 2™%) and (417, 8%). The velocity by, i in the section (0,
12y is the velocity of the.refracted quasi-longitudinal wave, while in the section (d17, 6 1) 1t is the
vclocnty of the refracted quasi-transverse wave. Conditions (2. 24) are satisfied in the section (@2 a7
for real waves.
In conclusion we note that a complete solution has thus been obtained for the problem of the reflection
and refraction of longitudinal waves at the interface between a liquid and a solid anisotropic medium
which satisfy the condition N < 0.
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